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Use of the elastic axis to decouple the bending and torsion in vibration analysis does not work for fiber composite

structures. Anisotropicmaterial properties often result in an elastic axis that is either discontinuous or far outside the

real aircraft. Existingmathematicalmodels offlexible aircraft dynamics donot address this issue. In this paper, state-

of-the-art inertially coupled equations of motion of a flexible aircraft are modified. For each of the equivalent beam

models of the fuselage, wings, and tail structure a particular fixed axis is used as a reference of vibrations instead of

using an elastic axis. Because no decoupling can be used, the beamdeflections become a function of both bending and

twist. The resulting displacements are expanded to the expressions of beam generalized velocities. This development

also modifies the expressions of kinetic and strain energies and subsequent global mass and stiffness matrices, state-

space coefficientmatrices, and,finally, the structural loads equations. The effects of coupled vibrations on the aircraft

dynamic response are simulated by placing the elastic axis of eachwing and horizontal tail at three different positions

with respect to aparticularfixed reference axis.Results indicate that bending-torsion coupled vibrations significantly

affect the aircraft response and thereby the structural loads.

Nomenclature

Bx = coefficient matrix with respect to aircraft motion
Bu = coefficient matrix with respect to control inputs
C = full-order damping matrix
Ci = component rotation matrix with respect to Of

D = matrix of eigenvectors
d = eigenvector
e1;2 = null vectors of sizes 6 � 1 and �6�m� � 1
EI = bending stiffness of a section
Fd = dynamic shear force on a node
Ff = resultant force vector at Of

G = closed-loop gain matrix
GJ = torsional stiffness of a section
Ii = local inertia matrix at a node of component i
J = cost function
K = full-order stiffness matrix
k = stiffness due to the material anisotropy
K� = reduced-order stiffness matrix
Lf = generalized loads at Of

L� = reduced-order generalized structural loads
M = full-order global mass matrix
m = number of shape functions in reduced order
Md = dynamic torsion moment on a node
Mf = resultant moment vector at Of

M� = reduced-order mass matrix
Oi = component origin
Q, R = weighting matrices in performance index
q, s = full-order generalized coordinates, velocities
Q = generalized force vector in torsion
r = distance of a node with respect to a component origin
Rf = translation vector �Rfx; Rfy; Rfz� with respect to

inertial axes
T = kinetic energy

t = time
u = control vector [elevator, aileron, rudder, thrust]
Ui = potential energy
yi = distance between reference and elastic axes
� = rotation angles due to aft fuselage bending
� = reduced-order generalized coordinates
� = reduced-order generalized velocities
�f = rotation vector [roll, pitch, yaw] ��f�; �f�; �f��
� = eigenvalue
� = matrix of component shape functions

Subscripts

e = empennage
f = fuselage
g = gust
i = referring to a particular component
jk = rows and column in a matrix
n = number of sections over the length of a beam
u = degree of freedom in bending
w = wing
 = degree of freedom in torsion

Superscripts

A = aft
F = fore
L = left
R = right
V = vertical
T = transpose
(0) = zero order
(1) = first order
~ = skew symmetric matrix of a vector

I. Introduction

T HE mathematical modeling of maneuvering flexible aircraft is
in constant evolution. Themain reason behind the evolution can

be the availability of fast computers, which allow one to simulate
from a simple model to a quite complexmodel, addressing the trinity
of flight dynamics, controls, and aeroelasticity in one simula-
tion. Previously their capabilities were limited to simple models,
which forced the engineers to make a lot of approximations during
the mathematical modeling. The emergence of high-altitude and
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long-endurance unmanned aerial vehicles with high aspect ratio
flexible wings, subject to large wing deflections in flight, have
opened a new scope in themodeling and simulation of highlyflexible
aircraft by adding the structural nonlinearities in the mathematical
model [1]. We intend to keep the scope of our present work to a
model, which allows us to consider only the small perturbations
around the steady-state condition and developing a linear aircraft
model, useful for simulation from a small business jet [2] to a large
transport airplane [3]. Although a linear model is only valid close to
the reference condition, at the same time it fulfills the requirements in
simulating the different flight load conditions prescribed in aviation
regulations for light and large aeroplanes like FAR/CS part 23 and
part 25, respectively.

One of the simplifications is the use of such reference axes as
aircraft body axes, usually called “mean axes,” which are not fixed
with a material point on the fuselage [4,5]. There are two
consequences of usingmean axes as body axes. First, omission of the
linear and angular momenta due to elastic deformation in the total
kinetic energy of the aircraft (i.e., the derivatives of the Lagrangian of
thewhole aircraft with respect to local structural velocities are zero in
those equations that belong to the rigid-body motion of the aircraft),
hence it inertially decouples the two sets of equations (i.e., flight and
structural dynamics). The only coupling between these two sets of
equations is achieved through the aerodynamic forces [3,5]. Second,
the use of free–free orthogonal mode shapes that decouple the
structural dynamics equations and constructs a diagonal‡ mass
matrix [3,5]. In short, a vibrating fuselage does not affect thewings or
tail planes through inertial terms and vice versa.

Lately, by using the quasi-coordinate approach, Tuzcu and
Meirovitch [2] show the replacement ofmean axes by another kind of
aircraft body axes, called “body fixed axes,” which are fixed with a
material point of the fuselage. The aircraft structural components like
fuselage, wings, and empennage are represented in the form of
equivalent beams with fixed–free mode shapes. The equations of
motion are inertially coupled by taking into account the effects of
linear and angular momenta due to elastic deformation in the total
kinetic energy of the aircraft, hence giving a nondiagonal mass
matrix. Most recently these inertially coupled equations of motion
are extended to the simulation of dynamic loads during atmospheric
turbulence [7]. In all the cases mentioned, the stiffness matrix is
always diagonal (i.e., without the cross coupling terms of bending
and torsion degrees of freedom [2,3,5,7]). The primary factor behind
a diagonal stiffness matrix of a beam is the use of its elastic axis (e:a)
as a reference to calculate the deformations. The cross coupling terms
in a stiffness matrix may appear in cases where the reference axis to
which deformations are calculated is not an elastic axis or due to
anisotropic material properties. Anisotropy, in the case of fiber
composite structures, appears when the principal axis of the laminate
is not aligned with the reference axis of the structure.

In aeroelastic tailoring (e.g., to increase the divergence and flutter
speeds) the optimized design often suggests different combinations
of skin thickness and fiber orientations [8]. It shows that the flutter
speed in the case of asymmetric laminates with respect to the
midplane is increased as much as 20% compared with those from
symmetric laminates, but the asymmetry introduces cross coupling
terms in the stiffness matrix. Previously, research on the box beam of
a helicopter blade shows that even the symmetric laminates of each
flange and web contribute to the cross coupling terms with an
appreciable influence on the stability of the blade [9]. Although the
laminates of each side of the box beam are symmetric with respect to
their respective midplanes, several fibers in a laminate of a particular
flange or web are not aligned with the reference plane, resulting in a
bending–torsion coupling. Later on, the deformations calculated
analytically in [9] were correlated with experimental results with
satisfactory conformity [10].

The elements of a stiffness matrix depend upon cross-sectional
properties aswell as thematerial properties (i.e., the stiffnesses along
the bending and torsion directions). The moduli of metal alloys are
well determined and published in the literature. In cases of fiber
composite, it largely depends upon the stacking sequence of the
fibers and requires some analytical formulas to construct the stiffness
matrix. In addition to [9,10], an excellent paper by Smith and Chopra
[11] also gives a detailed analytical model of constructing the
stiffness matrix for a thin-walled fiber composite helicopter blade.
Although this model takes care of calculating stiffness along a
bending–extension degree of freedom (DOF), which is generally not
incorporated in a fixed-wing aircraft, one can use the model by
omitting the bending–extension coupling in the stiffness matrix.
Moreover, Lottati [12] also gives an overview on how to construct
the stiffness matrix for a composite wing with anisotropic material
properties.

For a beam element with isotropic material properties, the shear
center of a particular section plays a significant role in decoupling the
bending and torsion deformations, where the coupling becomes a
cross-sectional property [13]. Hodges [13] presents a method that
describes how to find generalized shear centers of several sections
along the beam length. The elastic axis intersects with these centers.
It is most likely that while optimizing a composite wing structure,
one will come up with a design that requires asymmetric fibers
orientation with respect to the laminate midplane. In this situation a
nondiagonal stiffness matrix due to anisotropic material properties is
quite obvious. Furthermore, during the optimization process one can
also get different positions of a shear center of a particular section of a
component. It can be out of the structural boundaries near the tip of a
wing, and the resultant elastic axis might not be exhibiting a straight
line from root to tip. Even then if one insists on using the elastic axis
as a reference, the cross coupling terms in the stiffness matrix gives a
shear deformation due to bending moment. Otherwise, as suggested
by Hodges [13], the locus of mass centroids as being a reference line
can be an alternative to the elastic axis, but the straightness of this line
is also not guaranteed due to structural discontinuities in fixed-wing
aircrafts.

Keeping in mind the increasing use of fiber composite material in
aircraft structures, a mathematical model is looked for that does not
have the necessity of using the e:a as references of vibrations in
aircraft components. The use of the e:a of a component is to be
replaced by a “practical” reference axis r:a and its location on each
component of the aircraft is fixed at a certain position relative to the
aircraft body axes. The use of r:awas already shown in [12]. But the
mathematical modeling was restricted only to a wing structure for
flutter analysis. The aimof this paper is to address the dynamics of the
whole aircraft, which, as stated, includes the trio of flight dynamics,
controls, and aeroelasticity in one simulation. The preference is to
modify the existingmathematical model, rather than “reinventing the
wheel.” In this paper we choose the mathematical model derived by
Tuzcu and Meirovitch [2] as our base model for the modifications.
Besides the introduction of coupling due to material properties in the
stiffness matrix, the use of practical reference axes also incorporates
the use of bending–torsion coupled beams in the structuralmodel and
modifies the equations of motion. The chosenmathematical model is
based on a purely analytical approach. Introducing the bending–
torsion coupling makes the equations more complex. It starts by
redefining the deflection of a beam section in bending to incorporate
the torsion effects. The result is expanded to themodified expressions
of beam generalized velocities. The modified expressions of
generalized velocities and deflections affect the whole mathematical
model from top to bottom (i.e., from the equations of kinetic and
strain energies to the globalmass and stiffnessmatrices, respectively)
and further down to state-space coefficient matrices and structural
load equations.

The structure of this paper is as follows. Section II presents the
mathematical modeling with all those steps that are taken during the
modification process and are believed necessary to be included in this
paper. A dynamic loads model is presented in Sec. III. Presenting a
complete structural optimization problem, which also includes
finding the cross-sectional andmaterial properties, is out of the scope

‡In this paper a diagonal or nondiagonal matrix means a “block” diagonal
or nondiagonal matrix, respectively. A block diagonal matrix is defined as a
square matrix in which the diagonal elements are square matrices of any size,
and the off-diagonal elements are zero [6].
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of this paper, but themodified equations ofmotion do present a viable
basis to do so.Moreover, due to the lack of available structural data of
the composite aircraft, it is not possible to include the cross couplings
in the stiffness matrix due to anisotropic materials properties. To
anyway simulate the effects of coupling on the response and
subsequent loads, three different positions of e:a with respect to a
particular fixed r:a on wing and tailplane of a twin-jet metal aircraft
are considered in a numerical example of Sec. IV, where the aircraft
is subjected to a discrete gust. Finally, the conclusions are made in
Sec. V.

II. Mathematical Modeling

The structure of a flexible aircraft can be discretized into a number
of beams. Figure 1 shows a sample aircraft modeled with seven
beams to represent fore and aft fuselage structures, one beam per half
wing and half horizontal tail, and one beam for the vertical tail, where
the aircraft body axisOf lies on the juncture of aft and fore fuselages
beams. These beams are further discretized into several sections with
lumped mass elements mi at their mass centers (c:g). These mass
elements are attached to each other with springs of average stiffness
over the two neighboring sections. For each fuselage beam there are
two bending DOF u along each y and z direction of the aircraft body
axesOf and one torsion  along the longitudinal axis ofOf [2]. For
each wing and empennage beam there is one bendingDOF normal to
the plane of the lifting surface and one torsion DOF along the r:a
(i.e., longitudinal axis of their respective coordinate axes at Oi).

The aerodynamic model is essentially a two-dimensional model,
presented in the form of several strips with lift, moment, and drag
coefficients. The quasi-steady forces and moments on each strip are
functions of these coefficients and the local angle of attack of the
strip. The instantaneous local angle of attack of a strip is determined
from the torsion angle of that strip and the rigid-body angle, which
includes the aircraft pitch angle atOf and the incidence of the lifting
surface at its attachment with the fuselage. It is known that the
aeroelastic predictions are usually conservative when using the
quasi-steady strip theory [14], but at the same time the use of
aerodynamic coefficients suits the quasi-coordinate approach [2].
Otherwise the aerodynamic data from a high fidelity analysis (e.g.,
computational fluid dynamics or wind tunnel testing) can also be
converted to aerodynamic coefficients and the same form of the
equations of motion can be used [15].

The rigid-bodymotion of an aircraft can be expressed into a vector
of three translational velocities Vf and a vector of three rotational
velocities �f around the body axes Of of the aircraft. The total
kinetic energyT due to rigid and elasticmotions of the aircraft will be
as follows [2]:

T � 1

2

Z
VTfVfdmf �

1

2

Z
VTwVwdmw �

1

2

Z
VTeVedme

� 1

2
VTMV (1)

where the discrete velocity vector is as follows:

V � �VTf �T
f sTuf sTuw sTue sT f sT w sT e�T (2)

The local elasticmotion of a component is expressed in the form of
generalized structural velocities su; . Before defining the expressions
of each velocity subvectors in Eq. (2), first the structural deflections
of a section of a component i, placed at a distance ri from its origin
Oi, are defined. Figure 2 shows a deformed section, where zi, ui, and
 i represent the total vertical deflection, pure bending, and torsion,
respectively. While assuming no shear deformation along the cross
section [14] and using the small angle approximation in conjunction
with the Galerkin method, the deformations with respect to the r:a of
a component are expressed as a function of two shape functions �u; 
per DOF of a fixed–free beam and the corresponding vector of
generalized coordinates qu; :

zi�ri; t� � ui � yi sin� i�ri; t�� � �ui�ri�qui�t� � yi� i�ri�q i�t�
 i�ri; t� � � i�ri�q i�t� (3)

By taking the time derivative of the generalized coordinates, the
corresponding structural velocities will be as follows:

_z i�ri; t� � �ui�ri�sui�t� � yi� i�ri�s i�t�
_ i�ri; t� � � i�ri�s i�t� sui; i�t� � _qui; i�t�

(4)

The vector of total absolute velocity on a node is the sum of rigid-
body velocities atOf and the generalized structural velocities at that
node. From Eqs. (3) and (4), the velocity vector on a node of the
fuselage is expressed as [2]:

Vf�rf; t� � CfVf � � ~rf � ~zf�TCf�f � ~rTf
_ f � _zf

� CfVf � ~rTfCf�f � � gCf�f���ufquf � ~yf� fq f�
� � ~rTf � ~yf�� fs f � �ufsuf (5)

The deflection of the attachment point of wings or empennage on the
fuselage is a function of rotation angles due to deflections in bending
and torsion of the fuselage. Figure 3 shows the kinematics of the
attachment pointOw of the two halves of thewing on the aft fuselage,
where the beams representing the aft fuselage and the left wing is
depicted in the form of lumped mass mf and mw, respectively, with
their respective stiffness elements. The other components are not
shown for the sake of brevity. The pointOw is deflected by zfy and zfz
in y and z directions, respectively, with a torsion angle of  fx along
the x axis. By using the first of Eq. (3), the rotation angle along the
y axis due to bending in z axis is as follows:

�fy�rfi; t� � �
@zfz
@rfi
��

�
@�uf�rfi�quzf�t�

@xf
� yfz

@� f�rfi�q f�t�
@xf

�
(6)

Similarly, the rotation angle along the z axis due to bending in the
y axis is as follows:

�fz�rfi; t� �
@zfy
@rfi
�
�
@�uf�rfi�quyf�t�

@xf
� yfy

@� f�rfi�q f�t�
@xf

�
(7)

The generalized rotational velocities due to bending can be written in
a vector form as:

Fig. 1 Aircraft discretized model. Fig. 2 Deformed section.
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_��rfi; t� ���ufisuf � ~yf�� fis f

��
@=@xf 0 0

0 0 �@=@xf
0 @=@xf 0

2
64

3
75

�ufi�rfi� �
0 0 0

0 �ufy 0

0 0 �ufz

2
64

3
75

� fi�rfi� � �� f 0 0 �T

suf � � 0 _quyf _quzf �T

yf � � 0 yfz yfy �T (8)

The vector of total absolute velocity on a node of either the wing or
the empennage is the sum of rigid-body and structural velocities of
the aft fuselage, structural velocities of the attachment pointOi, and
finally the structural velocities of the node itself. By using Eqs. (3),
(4), and (8), the velocity vector on a node of a component i is
expressed as

Vi�ri; t� � CiVf � Ci ~rTfi�f � Ci� g�ufiquf � ~yf g� fiq f�T�f

� ~rTi Ci�f � � g�uiqui � ~yi g� iq i�TCi�f

� ~rTi Ci���ufisuf � � ~yf�� fi � � fi�s f�
� Ci��ufisuf � � ~yf � ~rTfi�� fis f� � � ~yi � ~rTi �s i
� �uisui i� w; e (9)

The velocity terms in Eqs. (5) and (9) are sorted out in a vector form
as shown in Eq. (2) and then used in Eq. (1). The coefficients
resulting from the product of velocities construct the global mass
matrixM� �Mjk�. Readers are referred to [2] for the complete listing
of the submatrices �Mjk�i of the mass matrix except for the modified
submatrices due to bending–torsion coupling. These are given in
Eqs. B3–B8 of the previous version of this paper [16].

The potential energy is presented in the form of strain energy
[12,17]:

U�
X
i�f;e;w

Z
1

2
�EIi�z00i �2 � 2ki�z00i �� 0i� �GJi� 0i�2�dDi (10)

The global stiffness matrix of the aircraft is a function of the strain
energy [18]:

K � �Kjk� �
�
@2U

@qj@qk

�
(11)

Using Eqs. (3), (10), and (11), the cross coupling term in the form of a
submatrix of the global stiffness matrix is as follows:

Ku i �
�
@2U

@qu@q 

�

� ��00ui �diag�EIi�dof�1 	 	 	EIi�dof�n�diag�yi1 	 	 	 yin���00ui�T
z��������������������������������������������}|��������������������������������������������{due to the use of r:a

� ��00ui �diag�ki1 	 	 	 kin���0ui �T|��������������������{z��������������������}
due to the material anisotropy

(12)

where

��i� �
�1;1 	 	 	 �1;n
�2;1 	 	 	 �2;n

� �
; i� u;  

The generalized momenta p can be expressed as a partial derivative
of Lagrangian “L� T � U” to the velocity [2,18]:

p� @L=@V �MV p� �pTvf pT�f pTuf 	 	 	 pT e � (13)

Byusing the generic formof equations ofmotion [2], the equations of
motion for the whole aircraft can be expressed as given in Eq. 22 of
[2], where the expression of the generalized momenta for the elastic
motion in torsion is modified due to the inclusion of bending–torsion
coupled vibrations:

_p  i �
@T

@q i
� K iq i � C is i �Q i i�w; e (14)

The equations of motion solve a state vector of 76 elements, which
include 38 generalized coordinates, 6 rigid-body translations and
rotations, and 32 elastic deformations. The equations contain all
lower and higher frequency modes. To determine the lower
frequencies and corresponding aircraft shape functions (ASF), the
modal is reduced to fewer degrees of freedom by the eigenvalue
solution of global stiffness and mass matrices (i.e.,
�K � �Mq�0�d� 0). See the process of reduction in Eqs. 11–20 of
Ref. [19].

The theory of extended aeroelasticity [2,19,20] considers the
elastic motions or vibrations about steady state to be smaller in
magnitude to those of rigid-body motions. The equations of motion
are linearized around a steady-state condition and distinguished into
two forms (i.e., the zero-order problem and first-order problem). The
zero-order problem, which represents the rigid-body motion can be
written in state-space form as

_x �0��t� � A�0��t�x�0��t� � B�0�u �t�u�0��t� �
e1
Ff
Mf

2
4

3
5 (15)

Equation (15) introduces the zero-order state vector

x�0� � �R�0�Tf ��0�Tf p�0�Tvf p�0�T�f �T that represents the rigid

motions and momenta with respect to inertial axes and aircraft
body axes, respectively. The coefficient matrix A�0� times the state

vector x�0��t� gives a zero-order force vector due to inertia.B�0�u times
u�0��t� gives a zero-order force vector due to control inputs. The
vectors Ff and Mf are resultant forces and moments, respectively,
due to aerodynamics and gravity loads. The first-order problem, a
linearized state around the steady-state, takes account of vibrations
and their effects on the overall response of the aircraft:

_x �1��t� � �A
�t� � Bx�t� � Bu�t�G�x�1��t� � e2
Fext�t�

� �
(16)

The first-order state vector contains two additional subvectors of
generalized coordinates and their momenta:

x�1� � �R�1�Tf ��1�Tf �T p�1�Tvf p�1�T�f pT� �T (17)

The state matrix A
 contains the partial derivatives of zero-order
velocities, stiffness, and damping matrices with respect to the first-
order state vector. The coefficient matrix Bx gives the sum of
aerodynamic and gravitational forces and subsequent moments due

Fig. 3 Deflected aft fuselage beam.
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to vehicle motion resulting from external disturbance Fext. Bu
multiplied by the closed-loop gain matrix G gives the forces and
moments due to first-order control inputs u�1�, which consequently
minimize the effects of external disturbance. The gain matrix G can
be obtained by optimizing the performance index of a linear
quadratic regulator [2,21]:

J�x�0�; u�0�� �
Z
t

0

�x�0�TQx�0� � u�0�TRu�0��dt (18)

where

u�1��t� � �G�t�x�1��t�

Full expressions for all the matrices like A�0�, A
, Bx, and Bu can be
found in Eqs. 7, 28, and 49 of [20], except the modified version of
submatrices ofA
 are given in Eqs. C1–C4 of the previous version of
this paper [16]. The vector of external disturbance due to gust is
obtained through time domain solution of Eq. (15):

e2
Fext�t�

� �
� Bx�t�

e2
M�0�� x

�0�
R� �t�

� �
(19)

in which xR� is �R�0�Tf ��0�Tf em �T and em is a null vector of size

(1 �m). The final perturbed solution will be as follows [2]:

x�t� � x�0��t� � x�1��t� u�t� � u�0��t� � u�1��t� (20)

III. Dynamic Loads Model

Dynamic loads can be predicted at each node by calculating the
rate of change of momentum due to elastic motions of that node:

_p � �
d

dt

pui
p i

� �
� Fdi

Mdi

� �
(21)

Solving the equations of motion in the form of momenta gives an
extra advantage for solving the dynamic loads [7,22]. The numerical
solution of Eq. (16) gives the first-order momenta, which are then
used to calculate first-order velocities. The first-order velocities can
be expressed by linearizing Eq. (13) as [20]

V�1�� �t� � �M�0�� ��1�p�1��t� �M
�1�
� V

�0�
� � (22)

The reduced first-order velocity vector V�1�� is expressed as

�V�1�Tf !�1�Tf �T �T . After the numerical solution, Eq. (16)

eventually acts as an algebraic equation, which gives the momenta
rates _p. It is known that the mass matrix is a function of generalized
coordinates q [22], and does not depend upon the generalized
velocities s, that is, for a linear time invariant system the time
derivative of mass matrix around the steady-state is zero, which
states the time derivative of Eq. (22) as:

_V
�1�
� �t� � �M�0�� ��1 _p�1��t� (23)

The reduced-order dynamic loads vector L� can be expressed by the
summation of forces method (SFM), and that is defined as the
summation of all the aerodynamic and inertial loads [14]:

e2
Lf�t�
L��t�

2
4

3
5� �Bx � BuG�x�1��t� � e2

Fext�t�

� �z��������������������������}|��������������������������{aerodynamic loads

� e2
�M�0�� � _V

�1�
� �t�

� �
|�����������{z�����������}

inertial loads

(24)

which is then expanded to a full-order vector for a particular
component by using thematrices of eigenvector and shape functions:

FSFM
di �ri; t� � ��ui�ri�Dui � yi� i�ri�D i�L�1�� �t�

MSFM
di �ri; t� � � i�ri�D iL

�1�
� �t�; i� f;w; e

(25)

whereFdi andMdi are the vectors of vertical shear force and torsional
moment along the r:a, respectively. Upward shear is negative and a
bending moment that produces tension in the upper fiber is
considered positive. The torsionalmoment on a node follows the sign
convention of a particular component, see Fig. 1. Loads calculated
from SFM can be verified by using the mode displacement method
(MDM), which is based on the internal forces, caused by the
structural deformations due to aerodynamic and inertial loads
[14,23]:

FMDM
di �ri; t� � ��ui�ri�Dui � yi� i�ri�D i�K���1��t�
MMDM
di �ri; t� � � i�ri�D iK��

�1��t�; i� f;w; e
(26)

IV. Numerical Example

A twin-jet aircraft is selected as a test case for response and
dynamic loads over a discrete gust. The aircraft structural and
aerodynamic data are given in [2]. Flight conditions for symmetric
flight are presented in Table 1. All previous equations are combined
in one Matlab program known as DARLoads [7,22]. It simulates the
response and dynamic loads of a fully flexible aircraft. After reading
the inputs of structural and aerodynamic models, the full-order
matrices of mass, stiffness, and damping are constructed. With
respect to the aircraft body axes, a fixed point is selected on each
component of the aircraft as a practical r:a of the component
vibrations. To study the effects of the bending–torsion coupling on
the natural properties and response of the aircraft, it is assumed that
during a structural optimization exercise the e:a of each wing and
horizontal tail exhibits a straight line and changes its position. For
this purpose three different cases of e:a positions are simulated. In
the first case the e:a of each wing and horizontal tail is placed
30.0 mm in front of their particular r:a, in the second case these are
aligned, and in the third case the e:a of each wing and horizontal tail
is placed 30.0 mm behind their particular r:a, see Table 2. It is to be
noted that the forward or rearward directions are to be referred towith
respect to aircraft body axes Of, however, the sign convention of a
particular yi is taken with respect to its local axes system Oi, see
Fig. 1.

A. Static Analysis

The steady state under a purely longitudinal flight condition, as
given in Table 1, is achieved by using an iterative optimization
algorithm, which balances out the forces and moments around the
body axes of the aircraft by minimizing a quadratic cost function of
the zero-order state vector of Eq. (15) [22]. The optimal values for
elevator, aileron, and rudder deflection with throttle setting,
respectively, in case 1 are found to be u�0� � �1:55 deg; 0; 0; 76:4%�.
Similarly the optimal zero-order pitch-angle ��0�f� is found to be 0.55

Table 1 Geometry and flight conditions

Airspeed V�0�, m � s�1 250.0
Altitude, m 7620.0
Wing span, m 16.7
Wing root chord, m 3.287
Horizontal tail root chord, m 1.6263
Mass, Kg 5884.23

Inertia I�0�xx , Kg �m2 20708.91

Inertia I�0�yy , Kg �m2 64003.38

Inertia I�0�zz , Kg �m2 79590.5

Inertia I�0�xy , Kg �m2 0.8072

Inertia I�0�xz , Kg �m2 �4241:35

Table 2 Three cases of e:a position

Case Number yRw, y
R
e yLw, y

L
e

1 �30:0 mm 30.0 mm
2 0.0 mm 0.0 mm
3 30.0 mm �30:0 mm
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deg. The static upward bending deflection of 1.236 m and 0.168 m is
calculated at the tip of each wing and horizontal tail, respectively.
Figure 4 shows the change in trim solutions of pitch and elevator
deflection for three cases of the elastic axis position. The change in
the values of pitch-angle and elevator deflection is less than 0.1 and
0.66 deg, respectively, and the throttle setting is changing not more
than 1.0%. It also shows that the elevator deflection decreases while
the e:a moves from front to the rear of r:a. The static torsion
deflections of both wings and horizontal tails also change with the
position of their particular elastic axes. Figure 5 shows that the local
twist angles at the tip of both the wing and horizontal tail increases as
the e:a moves from front to the rear of r:a. Figure 6 explains this
phenomenon where the locations of the key points on the tip sections
of both the right wing and horizontal tail are shown. It shows the
actual locations of the aerodynamic centers (a:c), centers of mass
(c:g), r:a, and the rearward position of e:a (i.e., case 3 in Table 2).
The abscissa of Fig. 6 gives the section lengths in meters. In the case
of the wing tip, the c:g of the tip section is located quite close to the
r:a and whenever during the analysis the e:a coincides or positioned
in the front of r:a, the torque around the e:a produced by weight is
added to the torque produced by the aerodynamic loads. However,
both of these torques oppose each other when the e:a is positioned
rearward of the r:a. The vertical aerodynamic force on the wing tip,
at the given speed, is approximately seven times larger than its
weight, which, on the other hand, due to increase in moment arm
makes the twist angle a bit larger than to those of the cases where the
e:a is placed ahead of the c:g. Similarly in the case of the horizontal
tail tip section the aerodynamic force, at the given speed, is
approximately three times larger than its weight. The torque
produced by the aerodynamic force, for all the positions of e:a, is
deducted by the torque produced by the weight, where the moment
arm of the aerodynamic force makes the horizontal tail to twist more
when the e:a is positioned rearward of the r:a. It is also noted that as
the twist angle increases at the horizontal tail, the elevator deflection
decreases and vice versa. As we know, apart from the rigid-body
pitch angle and the throttle input, the lift required in trimming the
aircraft is also contributed by both twist over the tailplane and the
elevator deflection. So it would be correct to state that the
optimization routine used here efficiently optimizes the elevator
deflection against the given structural deformations.

B. Model Reduction

As stated earlier, ASF are determined by eigenvalue solution of
global mass and stiffness matrices. Table 3 describes the shapes for

the first 20 ASF in which, for example, “W-B” means that wing
bending is the predominant feature of the particular ASF and
similarly “H-T” indicates the predominance of torsion in the
horizontal tail. To have the greatest impact of aerodynamics force
and moments, it is thought to consider a sufficient number of ASF of
lower to higher frequencies, while exhibiting both bending and
torsion as predominant features in wings and horizontal tails. By
using the first 18 ASF that cover the frequencies until 53.7 Hz, the
full-order model in each simulation case is reduced to only 24 DOF,
that is, 6 rigid-body and 18 elastic degrees of freedom. Figure 7
shows the first six ASF. The higher frequency ASF are not shown
here for the sake of brevity.

C. Dynamic Analysis

The aircraft is subjected to a 1-cosine vertical gust wg�t� of
5:0 m-sec�1 over a period of 4.0 s. The resultant forces andmoments
in vector � eT1 FTf MT

f �T of Eq. (15) are a function of pitch angle

��0�i� . The input for the rigid-body response simulation is given as the

Fig. 4 Optimal trim variables.

Fig. 5 Static twist angles, deg.

Fig. 6 Tip sections, meters.

Table 3 Description of first 12 ASF

ASF Number Frequency, Hz Predominate Shapea ASF Number Frequency, Hz Predominate Shapea

1 5.92 First symmetric W-B 11 26.58 Second symmetric F-B
2 8.26 First asymmetric W-B 12 27.42 Second asymmetric W-B
3 10.45 First symmetric H-B 13 37.72 First asymmetric F-T
4 11.24 First asymmetric H-B 14 46.81 First asymmetric H-T
5 12.32 Second asymmetric H-B 15 49.91 Second asymmetric H-T
6 14.64 Second symmetric H-B 16 53.02 First symmetric H-T
7 19.51 First asymmetric V-B 17 53.37 First asymmetric W-T
8 20.09 First asymmetric F-B 18 53.70 Second symmetric H-T
9 22.05 Second asymmetric V-B 19 62.42 Third asymmetric H-T
10 23.05 First symmetric F-B 20 64.60 Third symmetric H-T

aB: Bending, F: Fuselage, H: Horizontal tail, T: Torsion, W: Wings, V: Vertical tail
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disturbance in the rigid-body pitch angle. To simulate the pitch rate

effects, the plunge velocities _Riz at the wing and horizontal tail are
different with a factor of distance li between their aerodynamic

centers to Of (i.e., _R�0�iz � _R�0�fz � li _�
�0�
f�). Where ��0�i� is given as

wg�t�� _R
�0�
iz

Vfx
� ��0�f� [24]. The solution of Eq. (15) in the form of plunge

and pitching velocities is shown in Figs. 8 and 9, respectively.
The solution of Eq. (15) is used in Eq. (19) to obtain the vectorFext.

Equation (16) is solved to acquire the first-order aircraft dynamic
response. The weighting matrices in Eq. (18) are taken asQ� 250I
and R� diag�105; 105; 105; 106�, where I is the identity matrix of
size (6 � 6). Despite the purely symmetric inputs, the presence of the
product of inertia Ixy, given in Table 2, rolls the aircraft. The first-

order pitching ��1�f� and rolling ��1�f� response of the aircraft with the

control inputs are plotted in Fig. 10. The disturbances with

subsequent control input are quite high for the first two cases, given
in Table 2. However, there is a sudden decrement in the magnitudes
for the third case.

To obtain the structural loads, the time domain solution of Eq. (16)
is then used in Eqs. (22–26). The comparison of shear forces from
SFM and MDM load equations is presented in Fig. 11. It shows that
in the case of wings and horizontal tails the results are in fair
agreement, but in the case of the aft fuselage the magnitude of shear
force calculated fromMDM is lesser than to that of FSM. The reason
can be the total numbers of ASF with the predominant fuselage
deformations in model reduction. The numbers of ASF to be used in
model reduction can be identified through the frequency plots, where
it gives a fair idea of each ASF or mode shape affecting the response
[23].

Figures 12–14 show the deflections and corresponding loads at
tips and roots of right wing, fuselage, and right horizontal tail,
respectively. The wing is deflecting vertically around its equilibrium
position from 0.2 m upward to 0.18 m downward over different
positions of e:a, and meanwhile twisting up at 0.086 deg to twisting

Fig. 7 First six ASF.
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Fig. 8 Rigid-body plunge velocity.
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Fig. 9 Rigid-body pitching velocity.

Fig. 10 First-order response and control.

Fig. 11 Shear forces at the root.
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down at 0.028 deg. Similarly, the root of horizontal tail, that is the aft
fuselage tail is bending upward from 0.035 to 0.055 m downward,
while the tip of horizontal tail is twisting with torsional angles of
�0:23 to 0.515 deg.

Similar to the ��1�f� and ��1�f�, the amplitude of structural

deformations of a component are also reduced significantly when the
e:a is positioned to the rearward of the r:a. This looks contrary to the
situation stated in the case of static analysis where the twist angle on
tip sections increases when the e:amoves from front to the rear. The
main reason is the role of inertial terms during dynamic response
analysis whereas in finding the static deformations these terms do not
play an active role. The situation shown in Fig. 6 is not the same for
every section of the wings and the empennage, because the position
of c:g of every section varies with respect to their respective r:a.
Moreover, the value of yi should also be different for every section on
both wings and empennage. However, as stated earlier, it is assumed
to be constant all over the length of a component, which at least gives

a quite good picture of the effects of bending–torsion coupling on the
aircraft dynamic response and also shows the relevance of proper
mathematical modeling.

V. Conclusions

The modified equations of motion with coupled vibrations in the
aircraft components were found to be very useful. The position of
elastic axis, with respect to a fixed r:a in each wing and tail structure,
plays a significant role in the dynamics of the fully flexible aircraft.
These effects were not clearly known because the e:awas either used
as the reference of vibrations or the modeling and simulation of the
e:a positionwas restricted to awing influtter analysis. Although for a
structural design engineer the cases of e:a positions, given herein, do
not seem to be a proper way of doing an analysis, it does give a fair
picture in conceptual or preliminary design. However, the modified
equations remove the necessity of using an elastic axis as a reference
of vibration.

Optimization of aircraft structural components with new stiffness
and mass matrices in each iteration and consequently the new sets of
dynamic loads and stresses can be done more accurately with the
modified equations. The mathematical model presented herein is
equally capable of handling this kind of problem, for example, while
using the gradient-based optimization routines, if one of the
objectives is to minimize the vibrations and consequent loads then
the loads equations based on stiffness can easily be differentiable to a
structural design variable that yields the loads sensitivity of the each
relevant design variable.

While looking at the scope of the mathematical modeling of
flexible aircraft, the development presented in this paper does not end
here. The generic equations of motion can be used for any type of
aircraft, but the formulation of its subparts like mass and stiffness
matrices vary with the configuration. The model presented in this
paper is capable of simulating the dynamics of any conventional
aircraft, which are believed to remain in service for at least next two
decades. Looking at the proposed alternatives like blended wing-
body or the Prandtlplane, a robust framework will be required in the
future to automate the process of constructing the structural
dynamics part of the inertially coupled equations of motion.
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Fig. 12 Wing tip deflections and root loads.

Fig. 13 Aft fuselage tip deflections and root loads.

Fig. 14 Horizontal tail tip deflections and root loads.
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